Introduction
The main goal of this paper is to extend the Chern-Moser normal form theory [CM74] to nonintegrable (or non-involutive) almost CR structures. Recall that an almost CR structure on a real manifold M consists of a subbundle H = HM of the tangent bundle T = T M and a vector bundle automorphism J : H → H satisfying J 2 = −id. Thus J makes every fiber H p , p ∈ M, into a complex vector space. A special case of an almost CR structure corresponding to H = T is the almost complex structure, whereas the hypersurface type corresponds to H being a corank 1 subbundle of T . Equivalently, an almost CR structure is given by the i-eigenspace subbundle H 1,0 ⊂ C ⊗ H ⊂ C ⊗ T of J, which can be chosen as an arbitrary complex subbundle of C ⊗ T satisfying H 1,0 ∩ H 1,0 = 0. A CR structure is an almost CR structure satisfying the integrability condition [H 1,0 , H 1,0 ] ⊂ H 1,0 . The reader is referred to §3 for further basic notions for almost CR structures used throughout the paper.
The classification problem for CR structures goes back to H. Poincaré [Po07] who realized that the latters may have infinitely many local invariants and posed the problem of finding those invariants. Solutions to this problem for Levi-nondegenerate hypersurface type CR structures were given by E. Cartan [CaE32] in real dimension 3 and by N. Tanaka [Ta62] and S.S. Chern and J. Moser [CM74] in general case. One of the main tools provided in [CM74] for classification of CR structures and finding their invariants is a normal form. According to it, every real-analytic Levi-nondegenerate hypersurface type CR structure near a given point p can be realized by an embedded real-analytic hypersurface M ⊂ C n+1 of the form (1.1) Im w = F (z,z, Re w), (z, w) ∈ C n × C, with p corresponding to the origin and F having the expansion
F kl (z,z, u), where (1.3)
for suitable s (the signature of the Levi form) and the summands F kl (z,z, u) are bihomogeneous of bidegree (k, l) in (z,z) (i.e. F kl (tz, rz, u) = t k r l F kl (z,z, u) for t, r ∈ R) satisfying the normalization conditions (1.4) tr F 22 ≡ 0, tr 2 F 23 ≡ 0, tr 3 F 33 ≡ 0, where tr := n j=1 ε j ∂ 2 ∂z j ∂z j . The CR structure here is induced by the embedding of M into C n+1 in the sense that HM = T M ∩ iT M and J is the restriction to HM of the multiplication by i in C n+1 . If the given CR structure is merely smooth, it still admits a formal normal form (1.1) with F being a formal power series satisfying (1.2) and (1.4). The latter fact explains the significance of formal CR structures, i.e. those given by formal power series, that will be considered throughout this paper.
More recently, normal forms have been obtained in degenerate cases [E98a, E98b, Ko05] , in higher codimension [ES98, SS03] and in the important closely related case of CR singularities [MW83, HY08] . However, no extension to the non-integrable case seems to be known. Furthermore, the methods used in the integrable case are heavily based on the embeddability in C n and thus cannot be applied to the non-integrable case. Our goal here is to obtain a normal form of the above type for more general almost CR structures that may not necessarily satisfy the integrability condition. Such structures arise naturally, for instance, when one is deforming or glueing CR structures. Another source of almost CR structures is given by real submanifolds of general almost complex manifolds.
The first problem one faces when extending the Chern-Moser normal form approach is that the non-integrable almost CR structures do not admit any realization as real submanifolds in C n+1 even at the formal level. Speaking informally, the normal form (1.1)-(1.4) is extrinsic whereas almost CR structures are intrinsic.
In this paper we suggest two different ways of overcoming this difficulty. The first way is based on an intrinsic analogue of the Chern-Moser normal form. The starting idea is to impose normalizing conditions on the almost CR structure itself rather than on the defining equation in the extrinsic setting. However, almost CR structures are given by objects of different nature (complex subbundles of C ⊗ T ) than defining functions. In order to relate both settings we construct a new function F associated to a given almost CR structure in given coordinates. Roughly speaking, F is obtained by "restricting" the almost CR structure to the Euler vector field. More precisely, consider intrinsic coordinates on M that we group as (z, u) ∈ C n ×R, where the subspace C n ×{0} with its complex structure corresponds to the given almost CR structure on M at the origin (but not necessarily at other points). Using the standard complex structure we write the complexification of C n as the direct sum C n z ⊕C n z of the spaces of (1, 0) and (0, 1) vectors (i.e. ±i-eigenspaces of J). Then C ⊗ T can be identified at every point with C n z ⊕ C n z ⊕ C w with u = Re w and the almost CR structure is given by a complex subbundle H 1,0 ⊂ C ⊗ T which, at every point p = (z, u) near 0, is a graph of a uniquely determined complex-linear map L(z,z, u) : C n z → C n z ⊕ C w . We consider the Euler (or radial) vector field e(z) = j z j ∂ ∂z j on C n z and define the "radial part" of L as evaluation along e(z), i.e.
and F := Im L w satisfying the Chern-Moser normalization (1.2)-(1.4).
Theorem 1.1 is a direct consequence of Theorem 7.2 below. An important feature of the normal form in Theorem 1.1 is that different normal forms of the same almost CR structure are determined precisely by the same set of parameters as the Chern-Moser normal form, i.e. by the automorphism group of the associated hyperquadric. The precise statement is given in Theorem 1.4 below.
Conditions (1.6) admit a natural geometric interpretation. The tangential component Lz always vanishes identically for any hypersurface (1.1), where we consider z and u = Re w as intrinsic coordinates on the hypersurface. Now the first condition in (1.6) expresses the property that the "radial part" Lz of the tangential component Lz can still be eliminated. Again, going back to (1.1), we see that the function F corresponds to the imaginary part of w and is therefore automatically real. On the other hand, the "radial part" L w of the transversal component L w is complex-valued. Then the second condition in (1.6) asserts that its real part can be completely eliminated and thus L w is given by its imaginary part F . The presence of conditions (1.6) reflects the fact that the moduli space of almost CR structures has additional parameters comparing to the moduli space of (integrable) CR structures, where the purpose of conditions (1.6) is precisely to restrict those additional parameters.
As a byproduct we also obtain a partial normal form for almost CR structures that are of arbitrary CR codimension (not necessarily of hypersurface type) without any nondegeneracy conditions, see Proposition 5.2 below. It can be seen as an extension to the non-integrable case of the so-called normal coordinates (see e.g. [BER99] ). Proposition 5.2 also describes the degree of uniqueness of the partial normal form. Similarly to the normal form in Theorem 1.1 being parametrized by the CR-automorphisms of the hyperquadric, the partial normal form in Proposition 5.2 is parametrized by the CR-automorophisms of the flat model C n × R d , i.e. by (formal) maps (z, u) → (f (z, u), g(u)) preserving the origin with f (z, u) being holomorphic in z.
In particular, if the CR codimension is zero, i.e. we are given an almost-complex structure, it admits at every point a (formal) normal form with vanishing L ′z ′ . The latter condition is equivalent to the almost CR structure being the standard one along the complex lines through the origin. That is, we obtain a normal form for arbitrary almost-complex structures characterized by the property that all complex lines through the origin are pseudo-holomorphic (i.e. the map t ∈ C → tv ∈ C n is holomorphic for every v ∈ C n with the respect to the given (non-standard) almost-complex structure on C n in its normal form). Specializing the above uniqueness remark to the case of CR codimension zero, we conclude that the normal form in this case is parametrized by (formal) biholomorphic self-maps of C n preserving the origin. (See also [Kr98, To08] for other normal forms for almost-complex structures.)
The normal form given by Theorem 1.1 is intrinsic and mimics the Chern-Moser normalization. However, specializing to CR structures (i.e. the integrable ones), one obtains here an intrinsic normal form that is different from the (extrinsic) Chern-Moser normal form of the same CR structure. The goal of our second construction is to obtain a normal form that directly extends the Chern-Moser one. The idea is to go back to the extrinsic point of view but to allow embeddings into C n+1 that are not CR. That is, instead of looking for CR embeddings that may not exist, we consider certain more general embeddings called quasi CR embeddings that always exist and are in certain sense "maximally CR". More precisely, a quasi CR embedding of M at a point p in C n z × C w is an embedding as a hypersurface M ′ with p = 0, T 0 M ′ = C n × R, and such that the transformed almost CR structure on M ′ and the one induced by the embedding have equal "radial parts" in the sense of (1.5), i.e. L ≡ L ′ for the corresponding maps L and L ′ , where we regard z and u = Re w as intrinsic coordinates on M ′ . The latter property can be rephrased by saying that both almost CR structures coincide along the Euler vector field e(z). As with the normal form in Theorem 1.1, the one given by Theorem 1.2 has the property that different normal forms of the same almost CR structure depend on the same parameters as the Chern-Moser normal form (see Theorem 1.4 below). Also here we obtain a partial normal form for almost CR structures of any codimension without any nondegeneracy assumptions, see Proposition 6.2. It states that any almost CR structure admits a quasi CR embedding as a generic submanifold in normal coordinates (see [BER99] ). This is another extension of normal coordinates to the non-integrable case with Remark 6.3 below showing that the two extensions given by Propositions 5.2 and 6.2 are actually different. On the other hand, in the case of almost-complex structures (CR codimension zero) both normal forms are equal.
Let us now mention the crucial difference between the situations of Theorems 1.1 -1.2 and the integrable case of Chern-Moser [CM74] . In the latter, the Levi form is the only second order obstruction for a CR structure from being flat, i.e. being induced by a hyperplane embedding. Consequently, any CR structure can be approximated to the third order by the hyperquadric associated with its Levi form (even to the forth order if the Levi form is nondegenerate). ChernMoser approach is heavily based on this approximation. However, in the non-integrable case, it is no more true that the Levi form is the only lowest order obstruction to the flatness. Indeed, the non-integrability (Nijenhuis) tensor appears at the same order and "interferes" with the Levi form in the sense that it arises everywhere in the transformation formulas along with the Levi form terms. It is no more possible to separate the "good" Levi form terms from the rest by looking only at their weights. As a consequence, the decoupled transformation formulas in Chern-Moser case, become non-decoupled in our case and the order in which the normalization proceeds, becomes essential. The presence of the non-integrability tensor also prevents almost CR structures from being approximable to the third order by hyperquadrics. It is therefore remarkable that one can still extend the Chern-Moser approach as in Theorems 1.1 -1.2 with assumptions put only on the Levi form.
The mentioned difficulties become even more apparent when one tries to extend Theorems 1.1-1.2 to the case of the Levi form being nondegenerate rather than positive (or negative) definite.
Here, in addition to the nondegeneracy of the Levi form itself, one also needs the nondegeneracy of a certain linear combination of the Levi form and the transversal component of the non-integrability tensor. More precisely, given the function L = (Lz, L w ) : C n z → C n z ⊕ C w as above defining the almost CR structure, the Levi form at 0 corresponds, up to an imaginary multiple, to the antihermitian part L(ξ, η) of the derivative of L w inz, whereas the non-integrability tensor corresponds to the antisymmetric part N (ξ, η) of the derivative of L in z, and its transversal component
(In fact, L and N are the only 2nd order obstructions to the flatness as immediately follows from our normal form.) We now call the almost CR structure strongly nondegenerate at 0 if it is Levi-nondegenerate and in addition, the bilinear form 6iL + N w is nondegenerate in the sense that
Obviously, for (integrable) CR structures (i.e. with N = 0), strong nondegeneracy means the same as Levi-nondegeneracy. Furthermore, a strongly pseudoconvex almost CR structure is automatically strongly nondegenerate. Indeed, since N is antisymmetric, substituting η = ξ into the left-hand side of (1.7) leads to L(ξ, ξ) = 0, which in the case Im L is positive definite, implies ξ = 0. However, if the Levi form has mixed signature, strong nondegeneracy is a stronger property than Levi-nondegeneracy. We now have the following extensions of Theorems 1.1 and 1.2 covering, in particular, all Levi-nondegenerate (integrable) CR structures: Theorem 1.3. Conclusions of Theorems 1.1 and 1.2 hold for strongly nondegenerate hypersurface type almost CR structures.
Theorem 1.3 is a direct consequence of Theorems 7.2 and 8.1 below. We conclude by describing the uniqueness of the above normal forms. As mentioned before, each of the normal forms of the same almost CR structure is determined by the same parameters as the one of ChernMoser. The latter is known to be parameterized by the automorphism group of the associated hyperquadric. However, this parametrization is not unique. Instead, we take here a more direct geometric approach describing naturally the needed parameters.
First recall that an adapted frame of an (almost) CR structure on M at p ∈ M with nondegenerate Levi form
holds, where ε j is as in (1.3), δ jk is Kronecker delta and [v n+1 ] ∈ T p /H p stands for the equivalence class of v n+1 . Given intrinsic coordinates z = x+iy ∈ C n and u ∈ R with H 0 M = C n ×{0}, one has the standard adapted frame
at 0. It follows from Chern-Moser theory [CM74] that any Levi-nondegenerate CR structure can always be put into its Chern-Moser normal form with the additional condition that an arbitrary given adapted frame is transformed into the standard one. However, the latter condition still does not make the normal form unique. In order to achieve the uniqueness, one needs a second order condition, of which we give here the following geometric version. We here give a brief description and refer the reader to §9.1 for more details.
Given and adapted frame v 1 , . . . , v n , v n+1 at p, consider a 2-jet Λ at 0 of a real curve in M, given by an equivalence class of smooth curve germs γ : (R, 0) → (M, p) with γ(0) = p and γ ′ (0) = v n+1 . We say that two such jets Λ 1 and Λ 2 are H-equivalent if
holds for some represenatives γ 1 , γ 2 of Λ 1 , Λ 2 respectively and where the second derivatives are calculated in some local coordinates on M. It follows from the canonical affine structure on jet bundles that the property (1.9) is independent of both representatives as well as of the coordinate choice involved (see §9.1). Thus H-equivalence is a well-defined equivalence relation. We now define an extended adapted frame on M at p to be any collection v 1 , . . . , v n , v n+1 , [Λ], consisting of an adapted frame together with an H-equivalence class of 2-jets Λ as above. Given intrinsic coordinates (z, u) ∈ C n × R, one can naturally complete the standard adapted frame
to the standard extended adapted frame by taking [Λ] with Λ represented by the curve γ(t) = (0, t). It now follows from [CM74] that any Levi-nondegenerate (hypersurface type) CR structure can always be put into its Chern-Moser normal form with the additional condition that an arbitrary given extended adapted frame is transformed into the standard one. This time the normal form is uniquely determined. Thus the space of all extended adapted frames parametrizes precisely the space of all Chern-Moser normal forms of a given CR structure. The main uniqueness result for our normal forms states that the latters are parametrized in the same way: Theorem 1.4. Let (M, p) be a germ of a smooth real manifold with strongly nondegenerate hypersurface type almost CR structure. Then for every extended adapted frame at p, each of the normal forms in Theorems 1.1 and 1.2 exists and is unique under the additional condition that the given extended adapted frame is realized as the standard one in the normal form. Theorem 1.4 is a direct consequence of Theorem 9.1 below.
Applications of the normal forms
We here state some application of our normal form. The statements are formulated for strongly nondegenerate CR structures. Recall that any hypersurface type almost CR structure with positive definite Levi form is automatically strongly nondegenerate. Also any hypersurface type (integrable) CR structure with nondegenerate Levi form is automatically strongly nondegenerate.
Given two manifolds M and M ′ of the same dimension and an integer k, we denote by 
Theorem 2.1. Let M and M ′ be smooth (resp. real-analytic) strongly nondegenerate hypersurface type almost CR manifolds of the same dimension. Then for every p 0 ∈ M and Λ 0 ∈ G
As an application of Theorem 2.1 we obtain the following unique determination result. 
In fact, we have the following stronger property that local CR-diffeomorphisms depend smoothly (resp. analytically) on their 2-jets.
Corollary 2.3. Let M and M ′ be as in Theorem 2.1. Then for every p 0 ∈ M and
, and a smooth (resp. real-analytic) map Ψ :
In particular, if M and M ′ are real-analytic, any smooth CR-diffeomorphism between them is also real-analytic.
The proofs of Corollaries 2.2 and 2.3 are completely analogous to that of Proposition 2.2 in [BRWZ] (see also [E01] and [KZ05] ). Corollary 2.3 can be used to obtain a solution to the CR equivalence problem in the following sense:
Theorem 2.4. Let M and M ′ be as in Theorem 2.1. Then for every p 0 ∈ M and The proof is completely analogous to that of Theorem 1.4 in [KZ05] . Finally, as a direct consequence of Theorem 2.1 above and Theorem 2.3 in [BRWZ] , we obtain a Lie group structure on the group of all CR-automorphisms in its natural topology.
Recall that the group Diff(M) of all smooth diffeomorphisms of M carries the natural topology of uniform convergence on compacta of maps and their inverses together with all derivatives of the maps and the inverses. We call this topology the compact-open C ∞ topology. Applying Theorem 2.1 and the mentioned result from [BRWZ] , we obtain: Corollary 2.5. Let M be a smooth connected strongly nondegenerate hypersurface type almost CR manifold. Then the group of all smooth CR-automorphisms of M, equipped with the compact-open C ∞ topology, has a (unique) structure as a Lie group acting smoothly on M.
In case M is real-analytic, the group of all real-analytic CR-automorphisms of M (which coincides with the group of all smooth CR-automorphisms in view of Corollary 2.3) can also be equipped with the natural compact-open real-analytic topology (see [BRWZ] for details). Then Theorem 2.1 can be applied along with Theorem 2.3 in [BRWZ] to obtain the real-analytic analogue of Corollary 2.5.
Almost CR structures
Let M be a real manifold with almost CR structure given by H and J or, equivalently by a complex subbundle
is sometimes called the type of M and in case codim CR M = 1, M is said to be of hypersurface type.
Many formulas and calculations become simplier when working with the complexified tangent bundle CT := C ⊗ T . (For instance, the Nijenhuis tensor of the almost complex structure is expressed by a linear combination of 4 different brackets of real vector fields but only one bracket of complexified vector fields.) Here J extends to a complex bundle automorphism of CH =: C⊗H, which splits into direct sum of its (±i)-eigenspaces
These eigenspaces form complex subbundles of CH satisfying
and each of them uniquely determines the almost CR structure.
3.1. The non-integrability tensor and the Levi form. Recall that an almost CR structure is called formally integrable or simply a CR structure if the subbundle H 1,0 ⊂ CT (or equivalently H 0,1 ) is closed under taking Lie brackets. Denote by π 0,1
the canonical projection. Then the obstruction to the integrability is given by the antisymmetric complex-bilinear map
, where X p denotes the evaluation at p. Then the CR structure is formally integrable if and only if N p = 0 for all p ∈ M. The map N p generalizes the Nijenhuis tensor of almost complex structures to arbitrary almost CR structures and is called here the non-integrability tensor.
The Levi form is defined for any almost CR structure in a similar fashion. This time consider the canonical projection π p : CT p → CT p /CH p . Then the Levi form is given by the sesqui-linear map L 1,0 
of which the first is used in [BER99] and the second one will be used here.
Complex coordinates.
Instead of using the real coordinates (x, y, u) we adopt the complexified point of view and switch to the coordinates 
We shall also distinguish the components of L:
Then (4.3) can be rewritten as
4.3. Evaluation along the Euler vector field. In our normalization the following Euler (or radial) type vector field will play an important role:
We consider L(p) as a formal power series in (z,z, u) and evaluate it along e to obtain a C
We write L z azb u c for the derivative at 0 regarded as a multihomogeneous polynomial of degree a in z, b inz and c in u, which is given by
in terms of the partial derivatives of L, where the summation is taken over all collections of indices
for all integers a, b, c ≥ 0. For the convenience of notation, we shall allow negative values of a, b, c but always assume h z azb u c = 0 for any function h whenever any of a, b, c is negative. We shall say that two (formal) almost CR structures on 
4.4.
Relation with the non-integrability tensor. We next calculate the non-integrability tensor in terms of the above map L defining an almost CR-manifold (M, H, J), normalized as in (4.6). At a point p ∈ M, it is given by the antisymmetric map N :
p in (3.1) induced by the Lie brackets of (1, 0) vector fields. Using the map (4.4) we can choose (1, 0) vector fields of the form X = (ξ, Lξ) with ξ being a constant vector field in C n . Then for X = (ξ, Lξ) and Y = (η, Lη), we have
where we have adapted the notation (4.12)
for the derivative of L in the direction of ξ evaluated at η and analogous notation for Lz and L u , and where CT p /H Proof. Denote by L and L the formal power series maps (4.4) corresponding to the given almost CR structures. We shall prove the coincidence of L and L at 0 up to order k by induction on k.
Suppose that all derivatives of L and L of order less than k coincide at the origin. Fix nonnegative integers a, b, c with a + b + c = k and consider the derivatives
Then the coincidence of the given CR structures along the Euler vector field e(z) implies 
only involves nonzero contributions of derivatives of L of order less than k and similar property holds for L. Thus, by the induction hypothesis, the derivatives of these sums are the same for L and L. Now subtracting the derivatives of (4.11) for L and L and using the assumption that both CR structures are integrable, we conclude that the multilinear function D z azb u c L−D z azb u c L is invariant under exchanging the first and the last arguments. Hence it is symmetric in all its C n z -arguments and therefore (4.13
4.5. Coordinate changes and basic identities. We consider arbitrary formal power series coordinate changes of the form (4.14)
We write L ′ for the map (4.4) corresponding to the new coordinates (z ′ , z ′ , w ′ ). Then L and L ′ are related by the following basic identities:
Here the derivatives of f,f, g and the maps Lz, L w are taken at (z,z, u) and the maps
. We shall use the evaluation of (4.15) along the Euler vector field:
Partial normal form for any CR-dimension and -codimension
In the sequel all derivatives will be assumed evaluated at 0 unless specified otherwise. The derivatives of the maps f and g satisfy the following reality conditions:
f z azb u c =f z bza u c , g z azb u c = g z bza u c .
First order normalization.
We first take the derivatives of (4.15) inz, evaluate at 0 and use the vanishing (4.6) for both L and L ′ as well as (4.14) to obtain
In the first equation g zz is an arbitrary hermitian bilinear map in view of (5.1). Hence we can use it to eliminate the hermitian part of L w z (ξ; η) (where we use the same notation as in (4.12)) and thus assume the latter to be antihermitian. On the other hand, the termf zz in the second equation is completely arbitrary and hence can be used to eliminate Lzz completely.
Similarly we take the derivatives of (4.15) in z, evaluate at 0 and use the vanishing conditions (4.6) and (4.14) to obtain
This time both terms g z 2 andf z 2 are arbitrary symmetric and can be used to eliminate the symmetric parts of the bilinear forms L w z (ξ; η) and Lz z (ξ; η). Hence we can normalize both forms to be antisymmetric.
Putting everything together, we obtain the normalization: In view of (4.10), the normalization (5.4) can also be rewritten in terms of L:
Higher order expansion. We now take arbitrary higher order derivatives of (4.16) that we regard as multi-homogeneous polynomials in (z,z, u) as in (4.9). As before, each derivative of L is taken at 0.
For every a, b, c ≥ 0, we differentiate (4.16) a times in z, b times inz and c times in u and evaluate at 0. In view of the vanishing in (4.6) and (4.14), all terms in (4.16) (other than id) vanish at 0. Hence we obtain: 
We shall next proceed similarly with the first identity in (5.8). In view of the reality conditions, for each term g z azb u c with a = b, its conjugate appears in the other idenitity with (a, b, c) replaced by (b, a, c). Thus we cannot eliminate both terms L ′w ′ z ′az′b u ′c and L ′w ′ z ′bz′a u ′c simultaneously. However, we can determine g z azb u c uniquely by eliminating the sum of the first one and the conjugate of the second, i.e. by making 
Quasi CR embeddings
Recall that any real-analytic (integrable) CR structure of CR dimension n and CR codimension d admits locally a CR embedding into C n+d inducing the given CR structure. Vice versa, any almost CR structure induced by a CR embedding into C N (for arbitrary N) is automatically integrable. Hence we clearly cannot have CR embeddings into any C N for nonintegrable almost CR structures. Here we propose a more general notion of quasi CR embeddings that works for any almost CR structure and yields "true" CR embeddings whenever the almost CR structure is integrable.
Definition 6.1. A quasi CR embedding at a point p of an almost CR structure of CR dimension n and CR codimension d into C 6.1. Induced CR structure for a graph. Here we consider a formal (generic) submanifold M in C n+d given as graph of a formal map ϕ :
Hence, in terms of (z,z, u) with u = Re w regarded as coordinates on M, the bundle H 1,0 is the annihilator of the pullbacks of the forms (6.1) under the map (z, u) → (z, u + iϕ(z,z, u)), i.e. it is the annihilator of the forms
or, equivalently, since id − iϕ u and id + iϕ u commute, of the forms
Therefore the map L is given by
We now follow this construction backwards, i.e. begin with L and reconstruct the function ϕ(z,z, u). In general, when the given almost CR structure is nonintegrable, we cannot expect it to be induced by an embedding in a complex vector space. However we shall see that we can still find ϕ satisfying (6.3) along the Euler vector field. In accordance with our normalization (4.3), we shall assume
Then evaluating (6.3) along the Euler vector field (4.7) and differentiating at 0, we obtain
in the notation (4.8), where R a,b,c is a polynomial in (the components of) the derivatives ϕ * of ϕ at 0 of order less than a + b + c. We shall consider functions ϕ satisfying (6.6) ϕzb u c = 0.
This corresponds to the choice of normal coordinates where the defining equation has no harmonic terms. Given L w , we use (6.5) to obtain by induction on a+b+c formulas for all derivatives ϕ z azb u c other than those in (6.6), i.e. with a ≥ 1:
where S a,b,c is a polynomial in the derivatives of L w of order less than a + b + c. We now consider a transformation (4.14) sending L into L ′ and look for a
, with desired properties. Rewriting (6.7) for L ′ , we obtain, for a ≥ 1,
Solving the first equation in (5.8) for L ′w ′ z ′az′b u ′c and substituting into (6.8) we obtain by induction on a + b + c:
′ * ), where T a,b,c is a polynomial in the derivatives of f , g of order less than a + b + c and derivatives of L ′ of order less than a + b + c + 1. Here we drop the dependence on L which is assumed to be given and fixed. We shall now use (6.9) along with the second equation in (5.8) to determine uniquely the derivatives g z azb u c with (a, b) = 0 andf z azb u c with a = 0 as in §5.2 via the normalization conditions (6.10)
As before, we complete the induction step by using (4.15) to determine all derivatives of L ′ of order a + b + c − 1.
Summarizing and taking (6.6) into account, we obtain:
w without constant terms and f 0 (z, u) ∈ C n and g 0 (u) ∈ R d without constant and linear terms, there exist unique formal power series
without constant and linear terms satisfying f (z, 0, u) = f 0 (z, u), g(0, 0, u) = g 0 (u) and ϕ(z ′ , 0, u ′ ) = 0, such that the almost CR structure given by L admits the quasi CR embedding at 0 as the submanifold
via the map (z, u) → (z+f (z,z, u), u+g(z,z, u)), where (z ′ , u ′ ) are regarded as intrinsic coordinates on M ′ .
Remark 6.3. Note that even though the normalization conditions of Proposition 6.2 look similar to (5.11), the two normalizations are different in general. For instance, consider the hypersurface given by Im w = ϕ(z,z, u) with ϕ(z,z, u) = zz + uz 4z4 . It is in the normal form of Proposition 6.2 but
does not satisfy (5.11).
Intrinsic normal form for hypersurface type almost CR structures
We now restrict our study the almost CR structures of hypersurface type, i.e. those with CR codimension 1.
Definition 7.1. We call an almost CR structure of hypersurface type strongly nondegenerate if both its Levi form and the linear combination 6iL + N w are nondegenerate, i.e. if, in addition to the nondegeneracy of the Levi form L, one has
where we assume the normalization (5.4).
If the Levi form is positive definite, the almost CR structure is always strongly nondegenerate. Indeed, if ξ is such that 6iL(ξ, η) + N w (ξ, η) = 0 for all η, we have, in particular, 6iL(ξ, ξ) + N w (ξ, ξ) = 0. Since N is antisymmetric, N (ξ, ξ) = 0 and therefore L(ξ, ξ) = 0. In view of L being positive definite, we obtain ξ = 0 as desired. 7.1. Trace decompositions. We here recall trace decompositions that play a fundamental role in [CM74] . Recall that the trace operator associated with the nondegenerate Levi form
, where (c jk ) is the inverse matrix of (c jk )
.) Then, for any integer l ≥ 1, any formal power series p(z,z, u) admits an unique decomposition
where q and h are further power series and h satisfies tr l h ≡ 0. Here tr l stands for tr applied l times. Moreover, if p is bihomogeneous of bidegree (a, b) in (z,z), then h is also bihomogeneous of the same degree and q is bihomogeneous of degree (a − l, b − l) (and is zero if min(a − l, b − l) < 0). As in [CM74] , we shall use (7.2) for p of bidegrees (2, 2), (3, 2) and (3, 3) in (z,z) and l equal 1, 2 and 3 respectively. 7.2. Weighted expansions. As in [CM74] we assign weight 1 to z,z and weight 2 to w. We shall assume the partial normalization as in Lemma 5.2. For every a, b, c ≥ 0, we differentiate (4.16) a times in z, b times inz and c times in w and evaluate at 0. As before, we shall assume each derivative evaluated at 0. Then in view of the vanishing in (4.6) and (4.14) we obtain
′z ′ * ), where P a,b,c (resp. Q a,b,c ) is a polynomial in (the components of) the derivatives of f ,f and L ′w ′ of weight less than a + b + 2c − 1 and of g and L of weight less than a + b + 2c (resp. of L ′z ′ of weight less than a + b + 2c − 1 and f ,f , g and L of weight less than a + b + 2c). Here we have used the antisymmetry of
We have also used (5.6) (to avoid terms like L ′w ′ z ′a−1z′b−1 u ′c+1 g zz etc.). Also recall that any derivative h z azb u c with either of a, b, c negative is assumed to be zero.
As before, assuming the arguments of Q a,b,c in (7.4) being given, the non-pure derivativesf z azb u c (i.e. those with a ≥ 1) are uniquely determined by the first identity of our partial normalization (5.11), i.e. from
′z ′ * ). However, this time we no more regard the pure derivatives f z a u c as free parameters but rather want to determine them from the identity (7.3) by adding further normalization conditions. We shall assume L being given and determine the derivatives of g of a fixed weight k and of f of weight k − 1. Then we use (4.15) to determine all derivatives of L ′w ′ of weight k − 1 and of L ′z ′ of weight k − 2. Thus our main inductive hypothesis for an integer k ≥ 3, will be that we have already determined all derivatives of g of weight less than k and all derivatives of f and L ′w ′ of weight less than k − 1 and of L ′z ′ of weight less than k − 2. Our goal is then to determine the corresponding derivatives of the next following weights.
7.3. The diagonal terms normalization. We begin by considering the identities (7.3) corresponding to (a, b, c) equal (1, 1, s + 1), (2, 2, s) and (3, 3, s − 1). Here s ≥ 0 is such that 4 + 2s = k (i.e. the weight a + b + 2c is k). (In case s = 0 we only have the first two identities and regard the third idenity as void.) We obtain
The latter condition determines uniquely the expression (7.13) 2E 3 := 2g z 2z2 u s − 8Re (L We shall now include g z a u c in the dot terms assuming them being determined by induction on a.
In case c ≥ 1 we consider the sum and the difference of the second identity in (7.38) divided by (a + 1) and the conjugate of the third identity there:
(7.39)
Then the derivatives g z a+1z u c−1 and f z a+1 u c−1 are uniquely determined by the normalization
z ′z′a+1 u ′c−1 = 0. By now we have determined all pure derivatives of f of weight k − 1 and shall include them in the dots.
Finally, for a ≥ b + 2, b ≥ 2, we have
from where g z azb u c is uniquely determined by the condition
z ′bz′a u ′c = 0. Thus we have determined all derivatives of g of weight k.
Summarizing, we have determined all derivatives of g of weight not greater than k, and of f of weight not greater than k − 1. We finally use (7.5) to determine the non-pure derivatives f z ′az′b u ′c of weight k via the normalization (7.43) L ′z ′ z ′az′b u ′c = 0, and as the last step, determine all derivatives of L ′ of weight k − 1 from (4.15).
7.6. Normalization summarized. Collecting and simplifying our normalization (7.22), (8.4), (7.42) and (7.43) we obtain a normal form for strongly nondegenerate almost CR structures:
Theorem 7.2. For every formal power series L(z,z, u) : C n z → C n z × C w without constant terms corresponding to a strongly nondegenerate almost CR structure and every r ∈ R, there exist unique formal power series f (z,z, u) ∈ C n and g(z,z, u) ∈ R without constant and linear terms such that g u 2 (0) = r and the map
for all a, b, c ≥ 0. Furthermore, each partial derivative of L ′ , f , g at 0 is given by an universal polynomial in r and (finitely many) derivatives of L.
Extrinsic normal form for hypersurface type almost CR structures
Following the idea of quasi CR embeddings in §6 we refine the extrinsic normalization of Proposition 6.2 similarly to the intrinsic approach of §7. As in §6 we assume L to be given and look for a real function ϕ(z,z, u) normalized as in (6.4) and (6.6) and a transformation h = id 
We differentiate (8.1) at 0, this time writing explicitly all terms of the maximum weight:
is a polynomial in the derivatives ϕ * of ϕ at 0 of weight less than a + b + 2c. As before we assume (6.6) for ϕ. We obtain ϕ zz =
of L ′w at 0 of weight less than a + b + 2c. As in §6 we look for transformations (4.14) normalizing L ′z and ϕ, where ϕ is a priori complexvalued and its reality will be imposed as part of the normalization. We also assume the conditions (5.4) for both L and L ′ and therefore also (5.6). In particular, we have L ′ z = L z , L ′z = Lz and L ′ zz = L zz . We follow the strategy of §7 and assume for an integer k ≥ 3, that we have determined all derivatives of ϕ and g of weight less than k and all derivatives of f of weight less than k − 1. As before, the dots will stand for the terms already determined. The terms involving only L are fixed and will also be included in the dots.
We first claim that in view of (8.1), the normalization conditions Indeed, we assume either of (8.4) and (8.5) and prove the other set of conditions by the induction on the weight. Differentiating (8.1) as above and using (8.5) for terms of lower weight by either the assumption or the induction assumption, we obtain R a, b, c) . In particular, we have tr (ϕ z 2z2 u c ) = 0 implying tr 3 (ϕ z 2z2 u c ϕ zz ) = 0 (i.e. by the uniqueness of the decomposition (7.2)). Then differentiating (8.1) 3 times in each of z andz and taking tr 3 of both sides, we conclude tr 3 ( L ′w z 3z3 u c ) = tr 3 (ϕ z 3z3 u c ), completing the proof of the induction step and thus proving the claim.
We now continue our strategy following the lines of §7 and consider (7.20) for a ≥ 4. Assuming g z a−1za−1 u c+1 and ϕ z a−1za−1 u c+1 being determined by induction on a and using (8.3), we obtain iϕ z aza u c = g z aza u c +. . .. Then it is clear that the reality condition Im ϕ z aza u c = 0 uniquely determines g z aza u c and ϕ z aza u c .
Finally, the normalization of the remaining terms is straightforward following the strategy of §7 and is given by the remaining reality conditions of the form ϕ z azb u c − ϕ z bza u c = 0. Summarizing we obtain: Theorem 8.1. For every formal power series L(z,z, u) : C n z → C n z × C w without constant terms corresponding to a strongly nondegenerate almost CR structure and every r ∈ R, there exist unique formal power series f (z,z, u) ∈ C n , g(z,z, u) ∈ R and ϕ(z ′ ,z ′ , u ′ ) ∈ R without constant and linear terms satisfying the Chern-Moser normalization ϕ z ′a u ′c = 0, ϕ z ′z′ u ′c+1 = 0, ϕ z ′a+2z′ u ′c = 0, tr (ϕ z ′2z′2 u ′c ) = 0, tr 2 (ϕ z ′3z′2 u ′c ) = 0, tr 3 (ϕ z ′3z′3 u ′c ) = 0 (8.6) for all a, b, c ≥ 0, and such that g u 2 (0) = r and the almost CR structure given by L admits a quasi CR embedding at 0 as the hypersurface M ′ ⊂ C n z ′ × C w ′ given by Im w ′ = ϕ(z ′ ,z ′ , Re w ′ )
via the map (z, u) → (z+f (z,z, u), u+g(z,z, u)), where (z ′ , u ′ ) are regarded as intrinsic coordinates on M ′ . Furthermore, each partial derivative of f , g, ϕ at 0 is given by an universal polynomial in r and (finitely many) derivatives of L.
Note that in view of Remark 6.3 the normal form in Theorem 8.1 is different from that of Theorem 7.2.
Uniqueness of the normal forms
We here provide the details to the construction of extended adapted frames described in §1 as well as the proof of Theorem 1.4. We shall make use of the well-known fact that for each Λ ∈ J k−1 (M, M ′ ), the fiber (π k k−1 ) −1 (Λ) has a canonical structure of an affine space modeled on the space of all symmetric k-linear maps from T p M × · · · × T p M into T p ′ M ′ , where p and p ′ are respectively the source and the target of 9.3. Proof of Theorem 2.1. Fix a point p 0 ∈ M and an extended adapted frame F p at each point p in a neighborhood U of p 0 in M. If M is smooth (resp. real-analytic), we may choose U and F p that depends smoothly (resp. real-analytically) on p. In view of Theorem 9.1, for every p ∈ U, the almost CR structure of M at the reference point p can be mapped via a map h p formally and uniquely into its normal form L
